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Abstract 

We construct a supermatrix model whose classical background gives two-dimensional 
noncommutative supersphere. Quantum fluctuations around it give the supersymmetric 
gauge theories on the fuzzy supersphere constructed by Klimcik. This model has a parameter 
[3 which can tune masses of the particles in the model and interpolate various supersymmetric 
gauge theories on sphere. 



1 Introduction 



Matrix models have been vigorously studied to understand nonperturbative aspects of string 
theories. In matrix models of the IKKT type pQ, background space-time appears dynamically 
as a classical background of matrices and their fluctuations around the classical solution are 
regarded as gauge and matter fields on the space-time. In particular, matrix models describe 
noncommutative gauge theories when the classical background of matrices are noncommutative 
0. In this approach constructions of the open Wilson loop and background independence of 
the noncommutative gauge theories are clarified [3]. 

Noncommutative gauge theories appear on D-branes in string theories in a constant NS-NS 
two form B background [U where the bosonic space-time coordinates become noncommuta- 
tive. Recently it was suggested that the non anti-commutativity of the fermionic coordinates 
on the superspace appears in string theories in a background of the RR or graviphoton field 
strength [H1II1IE1- Since the non anti-commutative fermionic coordinates can be described by (su- 
per)matrices as well the noncommutative bosonic coordinates, it is expected that (super)matrix 
models play an important role to investigate various aspects of field theories on the noncom- 
mutative superspace. There are analyses of noncommutative superspace by using supermatri- 
ces Supersymmetric actions for scalar multiplets on the fuzzy two-supersphere were 

constructed in jU] based on the osp(l\2) graded Lie algebra. Furthermore a graded differen- 
tial calculus on the fuzzy supersphere is discussed in ^U]. Supersymmetric gauge theories on 
this noncommutative superspace was studied in by using differential forms on it. In |12j . 
noncommutative superspaces and their flat limits are studied by using the graded Lie algebras 
osp(l\2), osp(2\2) and psu(2\2). Recently the concept of noncommutative superspace based 
on a supermatrix was also introduced in proving the Dijkgraaf-Vafa conjecture as the large N 
reduction [TSJ. Supermatrix model was also studied from the viewpoint of background indepen- 
dent formulations of matrix model which are expected to give constructive definitions of string 
theories [T7] . 

In the previous paper ^5], we constructed a supersymmetric gauge theory on a fuzzy two- 
supersphere based on a supermatrix model. This model has a classical solution representing a 
fuzzy supersphere and we obtained a supersymmetric gauge theory on the fuzzy two-supersphere 
expanding the supermatrices around the classical background. In a commutative limit this model 
is , however, different from the ordinary gauge theory in D = 2, e.g., the action includes higher 
derivative terms and the fermions transform as spin | representation under the su(2) isometry 
group on S 2 . These differences are originated from the fact that we did not impose appropriate 
constraints on the supermatrices to eliminate extra degrees of freedom. Supermatrix formula- 
tion of supersymmetric gauge theories is similar to the covariant superspace approach for the 
ordinary supersymmetric gauge theories ^S] because each supermatrix corresponds to the con- 
nection superfields on the superspace as we saw in our previous paper [T^]. In the covariant 
superspace approach various constrains are imposed on the connections to eliminate redundant 
degrees of freedom, but in our model we could not impose appropriate conditions. After we 
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wrote the previous paper [151, we were noticed the Klimcik's paper where he constructed a 
supersymmetric gauge theory on the fuzzy supersphere by using a method of differential forms 
and imposing suitable constraints on the connection superfields. A crucial point of his con- 
struction is the use of the enlarged osp{2\2) algebra. The global Af = 1 supersymmetry algebra 
on the fuzzy supersphere is osp(l\2). By adding the covariant derivatives osp(\\2) is enlarged 
to osp{2\2) because the supersymmetry generators and the covariant derivatives do not anti- 
commute on the fuzzy supersphere. Osp(2\2) algebra can be regarded as J\f = 2 superalgebras 
on the sphere. Starting from the connection superfields on this J\f = 2 superspace, he found the 
correct constraints to obtain a supersymmetric gauge theory on the fuzzy supersphere. 

In this paper we reformulate Klimcik's gauge theory on fuzzy supersphere in terms of super- 
matrix models. Very interestingly, Klimcik's gauge theory can be obtained from a supermatrix 
model whose classical solution gives noncommutative supersphere. Its quantum fluctuations 
become the supersymmetric gauge theory proposed by him. In a commutative limit, by taking 
a Wess-Zumino like gauge, this model becomes the ordinary supersymmetric gauge theory on 
S 2 . In the paper we use the manifestly SO (3) covariant coordinates and decompose the bosonic 

(2) 

field di into the normal component (j) an d tangential component a\ on the sphere. The action 
contains a parameter which can tune masses of particles in the model. 



2 osp(l|2) and osp(2|2) algebras 



The graded commutation relations of the osp(2\2) algebra are given by 



[7,u a ] = d a , 



li , V a 
li , d a 
7, da 



\ fa) 0a fy> {Va,Vfs} = \ {C<Ti) af3 h, 



0, 



(2.1) 



where li (i = 1, 2, 3) and 7 are bosonic generators, and v a and d a (a = 1, 2) are fermionic ones. 
C = i(T2 is the charge conjugation matrix. The osp(l\2) subalgebra consists of the generators li 
and v a - Irreducible representations of the osp(l\2) algebra ^2] are characterized by values of the 
second Casimir operator K2 = hh + C a {iVaVp = L(L + |) where quantum number L G Z>o/2 is 
called super spin. Each representation of osp(l\2) consists of spin L and L + ^ representations of 
the su(2) subalgebra generated by li. The dimension of the representation is N = 4L + 1. These 
representations are also the so-called 'atypical representations' of osp(2\2) where osp(l\2) algebra 
can be enlarged to osp(2\2) algebra by adding extra generators with the same size matrices. The 
representation matrices of the generators d a and 7 can be written as second order polynomials 
of the super spin L representation matrices and v a of the osp(l\2) generators, 
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1 

L + l/4 



+ 2L\L + 



(2.2) 



2 



w-wrhm {ai) *° {^}- (2 - 3> 

The condition K2 = L{L+\/2) defines a two-dimensional supersphere. Consider polynomials 
<&(l\ L \ Va) of the representation matrices of and Va with super spin L. These polynomials 
are {AL + 1) x (AL + 1) supermatrices. Let us denote the space spanned by , u£ ) as Al- 

The osp(l\2) algebra acts on Al- In particular we denote the adjoint action of the osp(l\2) 
generators as 



(2.4) 



Al can be decomposed into irreducible representations under the adjoint action of the osp(l\2) 
algebra as © \ © 1 • • • © 2L - \ © 2L. The dimension of this space is (4L + l) 2 and thus 
any (AL + 1) x (AL + 1) matrices can be expanded by these polynomials. Useful basis for the 
expansion are the matrix super spherical harmonics Y^ m (lj L \ u£ ) ; 

(££ + C aP V a Vp) Yg m [l\ L \v^) =k(k + ^j Y k s m (4 L \v^), (2.5) 
4lf m (*f \vP) = mYg m {lf\v^). (2.6) 
Then $>(lj L \ iffl) can be expressed as a series of the super spherical harmonics, 

2L 

*(if\t;SP)= E ^niaf^), (2-7) 

fe=0,l/2,l,- 



where the Grassmann parity of the coefficient (fikm is determined by the grading of the spherical 
har 
by 



harmonics. We can map the supermatrix &(l^ L \ Va ) to a function on the superspace (xi,9 a ) 



H4 L \vM) — > = ^kmVL^M, (2-8) 

k,m 

where y krn (xi, a ) is the ordinary super spherical function. A product of supermatrices is mapped 
to a noncommutative star product of functions on the fuzzy supersphere |2Uj . 

In constructions of field theories on the fuzzy supersphere, the osp{2\2) generators d a and 7 
play important roles. The adjoint action of d a on supermatrices is the covariant derivative on the 
fuzzy supersphere. The kinetic terms for a scalar multiplet on the supersphere are constructed 
by using these generators |H] . 



3 Supersymmetric gauge theory on fuzzy supersphere 

In this section we reformulate the Klimcik's construction of a supersymmetric gauge theory on 
fuzzy supersphere jllj in terms of supermatrices. We construct a supermatrix model which has 
a classical solution representing the fuzzy supersphere and expanding supermatrices around this 
background we will obtain a supersymmetric gauge theory given by Klimcik. This formulation 
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has similarities to the covariant superspace approach in the ordinary super symmetric gauge 
theory. Namely, we first introduce larger degrees of freedom corresponding to the connection 
superfields on the fuzzy supersphere. In order to eliminate redundant degrees of freedom, we 
need to impose appropriate constraints on them. After fixing extra gauges, we will obtain 
necessary degrees of freedom to describe a super symmetric gauge theory on the noncommutative 
supersphere. 

We first consider direct products of two vector spaces of supermatrices, Al and Ay- L' 
can be taken as any superspin. On the other hand, L should be taken large in order to take a 
commutative limit. Each element is a (4L + 1)(4L' + 1) x (4L + 1)(4L' + 1) supermatrix. we 
then restrict to consider a special type of supermatrices which can be written as 



M = ^X A ®T A (3.1) 



.4 

■vl 



where X A £ Al is a general supermatrix and T is the superspin L' representation matrix of 
the osp(2\2) generators; T A = W L ,Va \da \ 7^ )}. Among them, we can define two kinds 
of products, • and *, 

(X A ® T A ) ■ (Y B ® T B ) = {-1)\ tA W Yb \x a Y b ® T A T B , (3.2) 
(X A ® T A ) * (Y B ® T B ) = {-1)\ tA W Yb \X a Y b ® [T A , T B ) , (3.3) 

where \T | and \Yb\ are the gradings of T A and Y B respectively. 1 
The supermatrix M defined above can be expanded explicitly as 

M = Ai® zf > + C a ^ a % vW - C a ^ a (8 df ] --^W® 7 ( L ') . (3.4) 

Here Ai and W are (4L + 1) x (4L + 1) even supermatrices, and (p a and ip a are (4L + 1) x (4L + 1) 
odd supermatrices. V is arbitrary thus one may set V = \ for simplicity. M satisfies a reality 
condition M$ = M, that is A\ = Ai, ip\ = C a p(pp, ipa = C a pijj/3 and W$ = W. The definition of 
I is referred to the appendix of ^Sj. We denote the osp(l\2) part of M as Mh 

Mh = Ai® l\ V) + C af3 <p a ® vi L '\ (3.5) 

and the rest as M H ± = M — Mh- Since all the components A4, (f> a , ip a and W are supermatrices 
and can be expanded in terms of super spin L spherical harmonics, they can be regarded as 
superfields on the fuzzy supersphere. The supermatrix M is shown to correspond to the covariant 
derivatives on the N = 2 extended supersphere. Then we define 'field strength' as 

F = M * M - M H * M H + ^M - —^-Mh 

\{GiC) a p Ha, ^/s} ~ \a\ ® if + (-\c aP [ipa, W] - \c a pip^\ ® vf ] 



1 In the paper * is meant for * G — * H but in our paper we use * product as * G or * H according to operated 
supermatrices. 
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+ Q(>iC)a/3 [AiM + \c afi [<p a , W] - ^C^^j ® df' ] 



(3.6) 



where d(j = 1 and du = | are Dynkin numbers. 



In order to eliminate redundant superfields, we follow the prescription in 11 and impose a 
constraint for the osp{\\2) part of the field strength to vanish, 

F\ H = Q(^C) a/ 3{^,#} - lf' ] + (-\Caft bPa,W] - ^C a pif}j ®vf ] = 0. (3.7) 

This constraint breaks the osp{2\2) covariant structure, but still preserves the covariance under 
osp(l\2) of the model. From this constraint, Ai and <p a can be solved in terms of tp a and W as 



Ai = {(JiC) a p{il) a ,ipp} , 

<Pa = - bPa,W] . 



(3.8) 
(3.9) 



Moreover we need to constrain further redundant degrees of freedom W by the following condi- 
tion, 

1 „_ „ 1. 



L'(L' + l/2) STrz/ {Mh± - Mh±) = C «^P + l W = L( - L + V2) 



(3.10) 



where STr/y means taking a supertrace with respect to the super spin V representation matrices. 
This constraint is also osp(l\2) invariant. In a commutative limit, this equation can be solved 
to eliminate W, as will be seen. 



We now start from the following action for the supermatrix M; 

S = S F 2 + (3Scs, 
S F 2 = STr (F ■ F) , 



(3.11) 
(3.12) 

S CS = STr • (M * M) — ^M H ■ (M H * M H ) + ■ M - ^M H ■ Afej (3.13) 

where (5 is a real constant parameter and and d# were defined above. This action is invariant 
under the following osp(l|2) supersymmetry transformation, 



SM 



(3.14) 



where a parameter X a is a (4L + 1) x (4L + 1) grading matrix multiplied by a Grassmann 
parameter A a , 



A a — Aq, 



12L+1 
-1 2 L 



\ 



(3.15) 
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In addition to the super symmetry, this action has invariance under the u(2L + 1\2L) gauge 
transformation, 

5M = [M, H®1], (3.16) 

where H € u(2L + 1\2L). We note that S F 2 and Scs are independently invariant under the 
supersymmetry and gauge transformations. 

Then we solve the equation of motion of the above action to obtain a classical solution and 
expand supermatrices M around it. The classical solution represents the background space-time 
and fluctuations are regarded as gauge fields on the space-time. One of the classical solutions is 
given by 

Ai = ll L \ <p a = v£\ ^ a = d£\ W = 1 i - L \ (3.17) 

which represents a fuzzy supersphere. It should be noted that the solution satisfies not only the 
equations of motion but also the constraints (|3,7|) and (|3.1U|) . M can be decomposed into the 
classical background (|3.17|) and fluctuation M as 

M = M d + M, (3.18) 



4 L) lf ] + C aP vV ® v f) - Ca ^ - V> ® (3.19) 



Because of the osp(2\2) algebra the field strength for the classical background M d vanishes, 

F d = M d * M d - M Hd * M Hd + ^-M d - ^-M Hd = 0, (3.20) 
where Mu d is the osp(l\2) part of M d . Then the field strength (|3.6|) becomes 



dr ~ 

M d * M + M * M d + yM 



+M * M - M H * M H , 



M Hd *M H + M H * M Hd + -^Mh 



(3.21) 



where Mjj is the osp{\\2) part of M. In this form, terms in the first and second parenthesises 
respectively coincide with 5 G M and 5 H Mjj m Klimcik's notation jllj and thus this is nothing 
but the field strength defined by him. 



Expanding each component of the supermatrices around the classical background, 



A; 



ll L) +Ai, <p a 



(3.22) 



F\ H ± and Scs become 
~1 



F\ 



H- 1 



-Capita 



+ 



1 



~C aP ({v£\^} + {d£>,<p p } 



<E> 7 



®d 



(3.23) 



Scs 



-L'(L' + l/2)STr L (2(^0)^ A^,^} - 2C af3 W{<p a ,^} 

-2(a i C) a ^ a [ll L \^]+4(a i C) a/3 A\{d { a ) ^p} 
+2C a ^ a [^ L l^} - 2C aP W{v£\fy} - 2C aP W{df\^ a } 



AiAi 



C a f3<p a (f>l3 ~ 2C Q/3 V'a^/3 - ~W 



(3.24) 



Note that the supermatrices Ai,<j) a ,ip a and W are covariant derivatives on J\f = 2 superspace 
since they transform covariantly under the U{2L + 1|2L) gauge transformations. 

Because of the constraints (j3.7fl and (|3,1U|) . ip a is the only independent supermatrix and the 
others can be solved in terms of ip a \ 



Pa = 



(piC)^ (2{4 L ),^} + {^«,^}) 



di L \W 



+ 



7 (L) ,^o 



1 _ 



(3.25) 
(3.26) 
(3.27) 



^ Q is an odd supermatrix which can be expanded by and Va , thus it is regarded as a spinor 
superfield on the fuzzy supersphere. The supermatrix W can not be explicitly solved in general 
because of the quadratic term but we will show that it can be solved in a commutative limit. 
For a while we treat both of ip a and W as independent variables. 

Though fixing the classical background as above violates the original osp(l\2) supersymmetry 
(|3.14|) . it can be compensated by appropriate u{2L + 1\2L) gauge transformations. Actually the 
action is invariant under the following combined transformations, 



1 



Stl> t 

SW = CapXplpa + C a p\p 

The action is also invariant under gauge transformations, 



P 



v ( a L \W 



5ip 



5W 



7 {L) + W,H 



(3.28) 
(3.29) 

(3.30) 



for H S u(2L + 1|2L). These transformations are compatible with the constraints. The fact 
that the model has the osp(l\2) supersymmetry even after choosing the classical background 
can be also understood as the following. The elements with the form Uitf^ + C a pA a Vp in 
u{2L + l\2L) constitute the osp(l\2) subalgebra. Thus the model originally has two independent 
osp(l|2) symmetries. The classical background preserves a half of these symmetries which is 
given by the transformations Q3.28JI . 

Mapping from the supermatrix model to a noncommutative field theory on the supersphere 



is performed by the same method as ones used in 15 . The classical solutions l\ L ^ and v^ 1 are 
mapped to coordinates (xi,9 a ) on the supersphere, 

1 



y/L(L + 1/2) 
1 

VHL + 1/2) 



,(L) 



(3.31) 
(3.32) 



where we set a radius of the supersphere to 1 for simplicity, that is XiXi + C a p9 a 9p = 1. And 
dffl and 7^ L ) are written as second order polynomials of x$ and 9 a according to (|2.2|) and (122 
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The adjoint actions of these osp{2\2) generators are mapped to the differential operators on the 
supersphere. The supertrace becomes an integration on the supersphere, 

STr L — ► -— f d 3 xd 2 9 5(x 2 + 9 2 -l), (3.33) 
2ir J 

where 9 2 = C a p9 a 9p. The supermatrix rp a is mapped to a spinor superfield which can be re- 
garded as the spinor connection on the fuzzy supersphere. The field theory action derived by 
these procedure is written in terms of this spinor superfield. The construction of the supersym- 
metric gauge theory on the fuzzy supersphere given here is a natural extension of the covariant 
superspace approach for the ordinary super Yang-Mills theory in a flat space-time. 

Next we consider a commutative limit to see that our model is indeed noncommutative 
generalization of the ordinary supersymmetric gauge theory on sphere. A commutative limit is 
given by taking L — > oo limit keeping the radius of the supersphere fixed. In this limit superfields 
ip a and W are expanded as 

i) a {x,Q) = r) a (x) + (a^)i 3a a^(x)6 /3 + (£ a (x) + ^Xidiri a (x)\ 9 2 , (3.34) 

W(x,9) = w(x) + C aP Ca(x)9p+ ^F(x) + ^x i d l w(x)^e 2 , (3.35) 

where r 2 = XiXi and \i = 0, 1, 2, 3. an, w, F are bosonic and rj a , £ a , Q a are fermionic fields. The 
u(2L + l\2L) gauge parameter is also expanded as 

H(x, 9) = h(x) + C af} h a (x)9(j + f(x)9 2 . (3.36) 

The gauge transformation generated by h(x) is an ordinary gauge transformation while the others 
are supersymmetric extension of it. To fix these extra gauge degrees of freedom generated by 
h a and /, we set the Wess-Zumino like gauge fixing condition C a p6 a ipp = 0, thus r\ a = ao = 0. 
In the commutative limit the constraint Q3.27JI can be solved as W = 2xi(aiC) a /39 a ijj/3, so that 

w = ( a = 0, F = -2{x ■ a)9 2 . (3.37) 

Here we used the fact that the fields ip a and W scale as 0(1) while and scale as O(L) 
in L — > 00. By the gauge fixing condition and the constraint, the independent fields are now 
aj(x) and £ a (x). 

We then decompose en into a scalar field <p and a gauge field on S 2 , 

Chi = ni4> + af\ (3.38) 
(2) (2) 

where rij is a unit normal vector on the sphere and n^a- = and a- is a tangential projection; 

(2) (2) 
a\ = (Sij — riinj)aj. The U(l) field strength for the tangential component is defined as F^ = 

RiO~p — RjCLp — ieijkafjp where Ri = —itijknijj^ are derivatives on S 2 . After straightforward 
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calculations, we obtain the action in the commutative limit, 



4vr y \8 ij l ' j 4v^ fcl -?' fe /^ 4 
9 1 

-3(3 [i {e ijk mF^ ct> + 4> 2 + CcetaSp,] } • (3-39) 

This model consists of a U(l) gauge field which has no local degrees of freedom, a scalar and 
a Majorana fermion. There is a free tunable parameter (3. Mass of the fermion is given by 
yjiiji — 1) with fj, = (1 + 12/3)/9 because of 

^^M) ~ ^ - M ( M - 1) • (3 ' 40) 

The massless Dirac operator is given by D = (TiRi + 1. The second term in D comes from the 
spin connection on the sphere and this D anticommutes with the chirality operator OiTii. By 
integrating out the scalar field eft it can be shown that the bosonic supersymmetric parter of £ 
has the same mass. For (3 = 2/3 the action becomes the one given in |21| . On the other hand, 

(2) 

for (3 = —1/12 the mixing term between <j> and a\ disappears. For both cases, bosonic and 
fermionic excitations are massless. 

Since the gauge fixing condition we chose is not invariant under the supersymmetry trans- 
formations (|3.28|) . we must compensate them by the field-dependent gauge transformation with 
the following gauge parameter, 

h a = -X a (j) - ieiik{ok)l3a^0 n >i a j > (3-41) 
/ = \^iC) a pXpn^ a . (3.42) 
Then the supersymmetry transformations become 

h4> = -hCa^a), (3.43) 



(2) 

ha\ = —^ijWj (o-kC) aj3 \p£ a , (3.44) 

5aC« = -^K^P + ^ijkniF^ +^(ai) / 3 a \ /3 Ri<p. (3.45) 

The U(l) gauge transformation is given by 

Saf ] = Rih, 6<f) = 5£ a = 0. (3.46) 

The action (|3.39|) is invariant under these transformations. It can be shown that the commuta- 
tion relations between two supersymmetry transformations generate the translations on S 2 up 
to gauge transformations, 

[S x i,8 xa ]<f> = QiRih (3.47) 



<5 A i , 5 X 2] af ] = QjRjaf + ie^Qjaf + R t [Qj{n j( j) - a} z; )J , (3-48) 
[h^hAt* = @iRiZa+2 @ i( a i)f3*& (3-49) 
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with @i = — ^(o"iC) Q , j aA^,A^. We again note that the action has these symmetries independently 
of the parameter (5. 

In this paper we concentrated on the case of £7(1) gauge theory, but it is easily generalized 
to supersymmetric gauge theory with U(k) (k > 1) group. 

4 Summary and discussions 

In this paper, we constructed a supersymmetric gauge theory on fuzzy supersphere from a 
supermatrix model. Our construction of the supermatrix model is based on the prescription 
given by Klimcik fTJ. We have shown that the fuzzy supersphere can be obtained as a classical 
solution of the supermatrix model and fluctuations around it become supersymmetric gauge 
fields on the supersphere. Namely, both of the Klimcik's gauge theory and fuzzy supersphere 
background are shown to be derivable from a single supermatrix. In this sense, this model 
has background independence as well as the other known gauge theories on noncommutative 
space-time. 

The formulation adopted here is similar to the so called covariant superspace approach 
to supersymmetric gauge theories on superspace. Namely we first introduce larger degrees 
of freedom corresponding connection superfields on the superspace and then impose various 
constraints on the superfields. In our case, we follow the prescription by Klimcik and start from 
connection superfields on Af = 2 superspace on the sphere to obtain Af = 1 supersymmetric field 
theory. In this way, we can impose appropriate constraints to eliminate redundant fields. In 
our previous paper [T^], we started from less number of superfields corresponding to connections 
on Af = 1 but could not impose the appropriate constraint compatible with osp(l\2) global 
supersymmetry. This is in contrast with the ordinary flat case where we can impose appropriate 
constraints on the connection superfields on TV = 1 superspace. 

Our construction may be generalizable to higher dimensional curved cases. For example, 
it will be interesting to consider a supermatrix model based on psu{2\2) super Lie algebra to 
obtain a supersymmetric gauge theory on noncommutative superspace of AdS 2 x S 2 . 
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